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ABSTRACT 



■ We construct deformed, T 2 -wrapped, rotating M2-branes on a resolved cone over 

O ; 

Q 1 ' 1 ' and Q ' ' /Z2, as well as on a product of two Eguchi-Hanson instantons. All 

O 

worldvolume directions of these supersymmetric and regular solutions are fibred over 
the transverse space. These constitute gravity duals of D = 3 N = 2 gauge theories. 
In particular, the deformed M2-brane on a resolved cone over Q 1,1,1 and the S 1 - 
wrapped M2-brane on a resolved cone over Q 1 ' 1,1 /^ provide explicit realizations of 
holographic renormalization group flows in M-theory for which both conformal and 

Sh : 

Lorentz symmetries are broken in the IR region and restored in the UV limit. These 
solutions can be dualized to supersymmetric type IIB pp-waves, which are rendered 
non-singular either by additional flux or a twisted time-like direction. 



1 Introduction 



The AdS/CFT correspondence enables the study of strongly-coupled gauge theories 
in terms of p-brane backgrounds P3I2HH]- In order to reduce the supersymmetry to 
a minimum, one can replace the standard flat space that is transverse to the p-brane 
by a space of special holonomy, which is Ricci-flat and has fewer covariantly constant 
spinors. In order for the solution to be non-singular, the transverse space must have 
a non-collapsing n-cycle and thus support an n-form which is square integrable at 
short distance. As a prelude to resolving the M2-brane, we will briefly review the 
case of the well-studied D3-brane of type IIB theory. 

The simplest example of a six- dimensional Calabi-Yau manifold that can be used 
for the transverse space is the conifold, defined as a cone over T 1,1 = (S* 3 x S 3 )/S 1 . 
In the decoupling limit, the resulting geometry is AdSs x T 1 ' 1 , which provides a 
gravity dual to M — 1, D — 4 superconformal Yang-Mills theory. Wrapping 5-branes 
upon a supersymmetric 2-cycle in T > x gives rise to supersymmetric fractional D3- 
branes [U EJ EJ E| • A distance-dependent logarithmic contribution to the D3-brane 
charge breaks the conformal symmetry. However, this also induces a short-distance 
naked singularity and therefore provides structural behavior only at large distance, 
corresponding to the UV region of the dual gauge theory. The above construction 
involves the complex 3-form F {3) = + iF^, which is set proportional to a self- 
dual 3-form supported by the conifold. If the conifold has a non-collapsing 3-cycle 
then the 3-form is square integrable at short distance, resulting in the resolution of 
the above naked singularity |H]. 

There are two smooth versions of the conifold, known as the deformed conifold 
and the resolved conifold j^]. In the former case, the singular apex is blown up 
to a smooth three-sphere, yielding a non-collapsing 3-cycle. The supersymmetric 
and regular fractional D3-brane on the deformed conifold was constructed in [Hj, 
and provides a geometrical realization of chiral symmetry breaking and confinement. 
On the other hand, for the resolved conifold, the singular apex is blown up to a 
smooth two-sphere. Since it has a collapsing 3-cycle, the fractional D3-brane over 
the resolved conifold has a repulson-like naked singularity ^0]- In addition, it is not 
supersymmetric [TTJ [T2j. The same applies to the fractional D3-brane constructed 
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with a resolved cone over T 1,1 /Z 2 (also known clS cl TG gularized conifold), for which 
the singular apex has been blown up to a smooth S 2 x S 2 [T5j . 

The non-collapsing 2-cycle of the resolved conifold over T 1,1 implies that there is 
a square integrable harmonic 2-form, yielding a regular solution. Since there is no 
2-form field strength in type IIB theory, this contribution must take the form of a 
fibration, as was originally observed for the D5-brane |14j . Thus, a D3-brane wrapped 
on S 1 , which is fibred over the resolved conifold, is regular and preserves a minimal 
amount of supersymmetry ^H]- I n the case of the cone over T 1 ' 1 /Z 2 , there is a non- 
collapsing 4-cycle. The square integrable harmonic 4-form comes about by taking the 
Hodge dual of a 2-form in the six- dimensional transverse space. Therefore, there is a 
regular and supersymmetric S^-wrapped D3-brane on the resolved cone over T 1 ' 1 /Z 2 . 
From the viewpoint of the dual gauge theory, both conformal and Lorentz symmetries 
are broken in the IR region and restored in the UV limit. 

It has been conjectured that the fractional D3-brane and S^-wrapped D3-brane 
have a common origin in M-theory as a modified supermembrane on a Spin(7) man- 
ifold, which gives rise to the deformed and resolved conifolds in different Gromov- 
Hausdorff limits ^H] . The G2 unification of deformed and resolved conifolds supports 
this claim [HI EE3 EE] . 

We will now turn to the case of the M2-brane, which has an eight- dimensional 
transverse space. M2-branes with minimal supersymmetries were first discussed in 
[19J by replacing the transverse S 7 with another Einstein space. Supersymmetric and 
regular deformed M2-branes have been studied extensively, for example, in [HI E] El 
EHlEllEaEalElEniEElEIlEH]. Singularity resolution of the M2-brane solution due 
to gravitational Chern-Simons corrections has been considered in [29 . 

The main goal of this paper is the construction of supersymmetric and regular 
5 1 -wrapped M2-branes and rotating M2-branes [3H]. One might wonder if this can 
be done indirectly by dualizing the deformed M2-brane. Explicitly dualizing the M2- 
brane to a type IIB pp-wave shows that this is not possible from the type IIB context. 
On the other hand, one could imagine a unification in higher dimensions, such as F- 
theory, analogous to the M-theory unification of fractional and S^- wrapped D3-branes. 
Although the involvement of twelve dimensions is on rather shaky ground, we will 
briefly consider this at least formally, in the spirit of [31]. An immediate objection 
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would be that nine-dimensional Ricci-flat manifolds do not have an irreducible special 
holonomy group under which eight-dimensional manifolds of special holonomy can be 
unified. 

Alternatively, there are eight-dimensional Ricci-flat Kahler spaces which have both 
non-collapsing 4-cycles and non-collapsing 2-cycles, enabling the properties of a de- 
formed M2-brane and wrapped M2-brane to be combined into one solution. These 
spaces include the cone over Q 1 ' 1,1 and (5 1,1 ' 1 /Z 2 [H2], as well as the product space 
M4 x M4, where each M4 is either an Eguchi-Hanson [22] or Taub-NUT instanton |34j . 
We find a self-dual harmonic four-form and harmonic two-forms which are square in- 
tegrable at short distance. All of these components can be used to construct a rather 
general supersymmetric and regular solution. This is a deformed, T 2 -wrapped and 
rotating M2-brane, since it is modified by additional flux and all worldvolume direc- 
tions, including time, are fibred over the transverse space. 

These solutions are dual to three-dimensional N = 2 gauge theories. In certain 
cases, the geometry asymptotically approaches AdS 4 x Q 1,1 ' 1 , the CFT dual of which 
has been discussed in (231 ESI EEl EZl EHl EHl EDI ED S2! - However, in the present 
solutions the singularity at the tip of the conifold has been resolved, and the M2- 
brane solution is rendered regular. These particular solutions exhibit holographic 
renormalization group (RG) flows for which both conformal and Lorentz symmetries 
are broken in general but are restored in the UV limit. Other RG flows in M-theory 
which flow from E 2,1 x M 8 at small distance to AdS^ x M7 at large distance have been 
studied in |42[ 14*3*] . which correspond to D = 3 super Yang Mills theories of various 
sup er symmet ry. 

For better clarity, we will first discuss deformed, wrapped and rotating M2-branes 
separately, before combining them into the general M2-brane solution. This paper is 
organized as follows. In section 2, we discuss the deformed M2-brane on Ricci-flat 
Kahler spaces. These M2-brane solutions are supersymmetric and, due to additional 
flux, regular. In section 3, we discuss ^-wrapped or rotating M2-branes, for which 
the wrapped or time-like coordinate of the worldvolume is fibred over the transverse 
space. Now it is this fibration, rather than additional flux, which results in the 
solution being regular. Since the transverse spaces that we are considering support 
both an appropriate harmonic 4-form and three harmonic 2-forms, we are able to 
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construct a rather general M2-brane in section 4. In addition to being deformed by 
additional flux, this solution is also T 2 -wrapped and rotating. In section 5, we dualize 
the general M2-brane to a type IIB supersymmetric pp-wave. The geometry of the 
pp-wave is non-singular, due to both a variety of fluxes as well as a twisted time-like 
direction. Similar pp-waves are obtained from wrapped and rotating D3-branes and 
D5-branes. The conclusions are given in section 6. 



2 Deformed M2-brane 

The M2-brane of eleven-dimensional supergravity is supported by the 4-form field 
strength, with an eight-dimensional Ricci-flat transverse space. Due to the equation 
of motion d*F (4) = \F W AF (4) , one can construct a resolved M2-brane if the transverse 
space has a (anti)-self-dual 4-cycle. This type of modification to the M2-brane, which 
makes use of the interaction in d * F (4) = \F (i) A F (4) , has been greatly studied, for 
example injHIIIIlliaEniiniEaEHlElEniEniEII. The deformed M2-brane is given 
by 

ds 2 u = H- 2 /' 3 dx' M dx u r]^ + H^dsl, 

F w = d 3 x A dH^ 1 + m G (4) , (2.1) 

where G w is a harmonic self-dual 4-form in the Ricci-flat transverse space ds^. The 
equations of motion are satisfied, provided that 

nH = -^m 2 Gl )} (2.2) 

where □ is the Laplacian on ds\. The introduction of G w to the M2-brane solution 
does not break additional supersymmetries, provided that 

G abcd T bcd e = 0, (2.3) 

where e is a Killing spinor in the transverse space [23! ■ The M2-branes discussed in 
this paper preserve | of the original supersymmetry. 



2.1 On the resolved cone over Q 



1,1,1 



For the transverse space, we will first consider an eight-dimensional resolved cone 
over Q 1 ' 1 ' 1 (or Q 1,1 ' 1 /Z 2 ) [32!, where the Einstein space Q 1 ' 1,1 can be expressed as the 



coset 



QW = ^W (2 4) 

V (7(1)2 ■ 

The corresponding metric is of the form 

3 

rf s 2 = dp 2 + C 2 a 2 + J2 a \ (dni) 2 . (2.5) 



1=1 



where 



(dfT 2 ) 2 = d9 2 + sin 2 ^ d<p 2 , a = rf^ + ^ cos ^ . (2.6) 



i=i 



The existence of Killing spinors implies the following first-order equations: 

c=l-2^d 2 , c = 2aidi, (2.7) 

i 

where there is no implicit summation in the second expression. These first-order equa- 
tions imply that the space is Ricci-flat and Kahler. The resolved eight-dimensional 
conifold is given by 

1 r 2 
a 2 = - (r 2 + i\) , c 2 = — ^ , dp = hdr 

h 2 = 3n,(r 2 + 4 2 ) f28 , 

3 r 6 + 4 Ei£ 2 r 4 + 6E ^.^2 r2+12n ^ r ' 



This geometry with two non- vanishing was found in [12], and with three non- 
vanishing £i was found in [Sj. In each case, it was derived from the first-order equations 
which result from the superpotential. 

The range of the radial coordinate in is < r < oo. In order for the geometry 
to be regular at r = 0, no more than one i{ can vanish. For two non-vanishing £i, ip 
has a period of 4n and the principal orbit is Q 1 ' 1,1 . The geometry is 1R 4 x S 2 x S* 2 at 
small distance and the cone over Q 1,1 ' 1 asymptotically. Topologically, the manifold is 
a C 2 bundle over CP 1 x CP 1 . 

If all three li are non- vanishing, then the period of ip is 2tt and the principal orbit 
is Q 1 ' 1,1 / Z2. The geometry is M 2 x S 2 x S 2 x S 2 at small distance and the cone over 
Q 1 ' 1 ' 1 /Z2 asymptotically. Topologically, the manifold is a complex-line bundle over 
CP 1 x CP 1 x CP 1 . If all three i i are equal, which will be a simple case frequently 
discussed in this paper, then we can replace CP 1 x CP 1 x CP 1 by any other Einstein- 
Kahler 6-space. Note that the regular cone with three non-vanishing li does not 
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reduce to the regular cone with two non-vanishing £i in the limit that one of the £i 
goes to zero, since the two spaces have different principal orbits. 

The veilbein for the 8-space described by ()2.5|) and ()2.8|) are given by 

e° = hdr , e 7 = ca , e 2 - 7-1 = dj dOj , e 2 - 7 = dj sin 6j d(j)j , (2.9) 

for j = 1,2,3. We construct a harmonic self-dual 4-form on this 8-space with the 
ansatz 

G {4) = m (e° A e 7 A e 1 A e 2 + e 3 A e 4 A e 5 A e 6 ) + u 2 (e° A e 7 A e 3 A e 4 + e 1 A e 2 A e 5 A e 6 ) 



+m 3 (e° A e 7 A e 5 A e 6 + e 1 A e 2 A e 3 A e 4 ) . (2.10) 
The closure of G (4) yields 

(^ + ^!)(r 4 + ^) + 2£ 2 (£ 2 + £§)r 2 



Hi 



u 2 



(r 2 +£f)(r 2 +£2)2( r 2 + £2)2 

(f 2 + f 2 )(r 4 + f 2 f 2 ) + 2f 2 (£ 2 + £ 2 )r 2 
(r 2 + £ 2 ) 2 (r 2 + £ 2 )(r 2 + £ 2 ) 2 



(£ 2 -£ 2 )(r 4 -£ 2 £ 2 ) 
3 (r 2 + £ 2 ) 2 (r 2 + £ 2 ) 2 (r 2 + £ 2 ) ' 1 ' ' 

For £i = 0, this reduces to the harmonic 4-form given in [12J. There is no charge as- 
sociated with G (4) . Note that the above three u^s satisfy the following linear relation: 

m + Mi + m 2 = 0, (2.12) 

which is a necessary, but not sufficient, condition for supersymmetry. In particular, 
the supersymmetry condition ()2.3|) implies ()2.12|) but there are clearly four-forms 
which satisfy the latter condition without giving rise to supersymmetric solutions. 

Since the general solution for H is quite complicated, we will focus on particular 
cases. For equal l{ = £, we find that 

m 2 m 2 + Ci /r 2 + ff ' 2 

H = Co + -rr H — - — arctan 



£ 4 (r 2 + £ 2 ) 2£ 6 V £ 2 

^>ogf^), (2-13) 



,r 2 + 2£ 2 

where Co and ci are arbitrary integration constants. In general, there is a naked 
singularity as r — > 0. However, we can choose Ci = m 2 such that the logarithmic term 
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cancels, leaving a non-singular solution given by 



m 2 m 2 (r 2 + e ' 2 



# = c o + £4(r 2 + £2) + ~p arctan(^— — j . (2.14) 

We define c so that H asymptotically approaches unity at large r. Also, this solution, 
as do all of the solutions presented, has a well-defined ADM mass. The geometry 
interpolates between E 4,1 x S 2 x S 2 x S 2 at small r to E 2,1 and a conifold at large r. 
Since the geometry does not asymptotically approach AdS4 times a compact space at 
large distance, a dual gauge theory would not have conformal symmetry. 
For the case of vanishing £i, a regular solution is given by 

3m 2 (£ 2 + 3r 2 ) 

C n/i-i»9 tlO.\ tntf). /..o i lf>.\ f ._<J I />2\ 



2(2£ 2 - £ 2 )(2£ 2 - £ 2 )(r 2 + £ 2 )(r 2 + £ 2 , 

If? _ f?V9.f? _ ^ n 

(2.15) 



27y^m 2 rv /2(2£ 2 -£ 2 )(2£ 2 -£ 2 ) 

"I - . /_ no j), „ /„ tz „n .ni „ /„ arctan 



4(2£ 2 - £ 2 ) 3 / 2 (2£ 2 - £ 2 ) 3 /2 L 3r 2 + 2(£ 2 + £ 2 ) 

This latter solution has already been found in ^2]- For small r, the geometry be- 
comes E 6,1 x S 2 x S 2 . For large r, and for an appropriate value of cq, the geometry 
asymptotically approaches AdS4 x Q 1,1,1 . This provides an explicit realization of a 
holographic renormalization group (RG) flow in M-theory for which both conformal 
and Lorentz symmetries are broken in general but are restored in the UV limit of 
the dual D = 3 iV = 2 gauge theory. It is conjectured that, since the M2-branes 
are coincident, the dual gauge theory is on the Higgs branch ^2j- In general, the 
fact that there is no charge associated with G (4) implies that there are no fractional 
branes. This indicates that the dual gauge theory is perturbed by relevant operators 

m 

The M2-brane 1)2.1 Jl can be dimensionally reduced over the transverse angular 
directions to give aD = 4 domain-wall solution, whose metric is given by 

ds\ = H 1/2 Y[ a 2 c (dx^dx u 7]^ + Hh 2 dr 2 ) , (2. 16) 

i 

where the various functions are given in ()2.8j) . For vanishing £±, H is given by ()2.15j) 
and the domain- wall metric asymptotically approaches AdS4 at large r. This implies 
that the solution is supported by a non-trivial scalar potential in D = 4 with a fixed 
point, which corresponds to the holographic renormalization group flow of the dual 
field theory [12]. 

7 



2.2 On M 4 x M 4 

We can use a product of two Ricci-flat Kahler 4-spaces, such as the Eguchi-Hanson in- 
stanton 33] and Taub-NUT instanton [33], for the transverse space. We will consider 



two Eguchi-Hanson instantons, for which the transverse metric is given by 

dsl = ds\ + ds 2 4 , (2.17) 

where 

dsl = W - 1 dr 2 + K 2 W (dtp + cos 9 dcf)) 2 + K 2 (d9 2 + sin 2 9 d(f) 2 ), 

W = 1-^. (2.18) 

and likewise for ds\. The radial coordinate r lies in the range a < r < oo and if) 
has the period 2ir. The geometry is asymptotically locally Euclidean, and has level 
surfaces of S" 3 /Z 2 at constant r. The veilbein for the 8-space ()2.17j) are given by 

e° = W~ 1/2 dr , e 1 = ~rdO, e 2 = ^rsm9d<P, e 3 = W 1/2 {dip + cos 9 d<p) , 

(2.19) 

and likewise for e\ 

The Eguchi-Hanson metric ds\ has a Kahler form given by 

J (2) = ( e ° A e 3 — e 1 A e 2 ) , (2.20) 

and likewise for for ds\ and J (2) . The Kahler form for the 8-space ()2.17j) is given by 

J = J(2) + J(2) • (2.21) 

Also, (is 2 supports a self-dual harmonic 2-form given by 



L m = ^(e°Ae 3 + e 1 A e 2 ) , (2.22) 



and likewise for c?s| and L (2) . 

An anti-self-dual harmonic 4-form on the 8-space ()2.17|) can be built out of the 
Kahler forms and harmonic 2-forms on the individual Eguchi-Hanson spaces, given 
by 

C( 4 ) = L( 2 ) A J( 2 ) + L( 2 ) A J( 2 ) . (2.23) 
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The equation for H (|2.2jl becomes 

(ird r r 3 Wd r + ^dr? 3 Wd f )H = -8m 2 ( 4 + 4) • (2.24) 
For appropriate integration constants, a regular solution is given by 

2 2 

The M2-brane geometry goes from E 6,1 x S 2 x S 2 at short distance to E 10,1 at large 
distance. If one drops the 1 in the above H, then the solution is a domain-wall at 
large distance. 

For the eight-dimensional transverse space given by the metric ([2. 17)1 . we could 
also consider the product of two Taub-NUT instantons, as well as the product of an 
Eguchi-Hanson and Taub-NUT instanton. However, one has to take care that the 
spaces are oriented such that both of the normalizable harmonic two-forms are either 
both self-dual or anti-self-dual. This ensures that cross-terms in functions of r and f 
cancel out in G 2 i} , such that H can easily be found in the simple form H = f{r)+g(r). 



3 Wrapped or rotating M2-brane 

If the transverse space has a 2-cycle L (2) , we can construct an S 1 - wrapped M2-brane 
with one of the world-volume coordinates fibred over the transverse space. Using the 
same technique developed in [T31 HSJ EDJ, we find that the solution is given by 

ds 2 u = H' 2 ' 3 ^-dt 2 + dx\ + {dx 2 + A (1) ) 2 ) + H^dsl , 
F (4) = dt A dxi A (dx 2 + A w ) A dH' 1 + mdt A dx\ A L (2) , (3.1) 

where dA (1) = mL (2) and L (2) is a harmonic 2-form in the transverse space of the 
metric dsg. The equations of motion are satisfied if the function H is given by 

nH=~m 2 L 2 2) , (3.2) 

where □ is the Laplacian on ds^. 

Alternatively, a rotating M2-brane solution is given by 



„2 



ds 2 n = H- 2/3 ( - (di + Ad) 2 + dx\ + dxi)j + H 1/3 dsj 
F( 4 ) = (dt + A m ) A dxi A dx 2 A dH" 1 + m dx\ A dx 2 A L {2) , (3.3) 



where again we require the function H to satisfy (J3.2j) [30J. Although the rotating 
M2-brane ()3.3|) is related to the ^-wrapped M2-brane (|3.1|) by Wick rotations, this in- 
volves the analytical continuation m —>■ im which results in a sign change in (j3.2j) . Al- 
though this can be counteracted by changing the orientation of the conifold, reversing 
the orientation of the transverse space can render the solution non-supersymmetric. 



3.1 On the resolved conifold over Q 



1,1,1 



A general two-form on the 8-space given by ()2.5j) and ()2.8j) can be expressed in terms 
of the veilbein as 

L( 2 ) = M e° A e 7 + ui e 1 A e 2 + u 2 e 3 A e 4 + u 3 e 5 A e 6 , (3.4) 

where u% are function of r only. The Kahler form is given by 

J {2) = _ e ° a e 7 + e 1 A e 2 + e 3 A e 4 + e 5 A e 6 . (3.5) 

Its contribution to the function H is badly behaved at large distance and produces 
an unresolvable naked singularity. Also, it breaks supersymmetry. Therefore, we will 
not consider the contributions to H from the Kahler form. 

In addition to the Kahler form, there are three harmonic 2-forms. The first, which 
carries non-trivial flux, is given by 

a{r 2 + £l) 2 + 8(3{r 2 + £ 2 3 ) + 3a(3 

Uq - 
Ui -- 
u 2 -- 



(r 2 


+ lj) 2 {r 2 + 




2 


2(r 2 + ll 


) 2 + 3a(r 2 + 


€ 


1 + 6/3 


(r 2 


+ l 2 1 ) 2 (r 2 + l 




■ 


2(r 2 + ll 


) 2 + 3a(r 2 + 




1 + 6/3 



(r 2 + l 2 ){r 2 + I 2 ) 2 
4(r 2 + £p + 3a 

3 {r 2 + l 2 ){r 2 + 1 2 ) ' 1 j 

where a = I 2 + £ 2 - 2£ 2 and (3 = I 2 1 2 + l\ - l\i% - l 2 ll 

Since it is difficult to solve for the most general H from 1)3.2)1 . we will consider a 
few specific cases for which the solution is regular. For l 3 = 0, 

3m 2 (l 2 -3l 2 ) 2 3m 2 (l 2 -3l 2 ) 2 
" C ° + 8(l 2 - l 2 )(l 2 - 2l 2 ) (r 2 + I 2 ) + 8(l 2 - £l)(£l - 2l 2 ) (r 2 + I 2 ) (3 ' 7) 
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21m\£\ - £ 2 ) 2 r 3r 2 + 2£\ + 2i\ 

arctan 1 



8{l\ - 2%)(% - 2£^2{£\ - 2£ 2 )(£ 2 - 2£\) ' ^2{£\-2£ 2 ){£ 2 -2£ 2 ) 
where the integration constant Co is chosen such that H asymptotically approaches 
unity for large r. 

For the case of all equal £{ = £, we find that a regular H is given by 

3m 2 (r 2 + £ 2 \ . . 

~ ~W arctan l £2 ) ■ ( 3 ' 8 ) 

The second harmonic 2-form also carries non-trivial flux and is given by 

2{l\ - £ 2 ){r 2 + £ 2 ) 2 + 8P(r 2 + £\) + [3a + a]/3 



U 
«2 



(r 2 + £ 2 ) 2 (r 2 + £ 2 ) 2 
2{£ 2 -£p{r 2 + £ 2 )+A(3 

(r 2 + £\) 2 {r 2 + £\) ' 
4(r 2 + l 2 ) 2 + [5a - a](r 2 + £ 2 ) + 8(3 
(r 2 + £ 2 ){r 2 + t 2 ) 2 



4(r 2 + £ 2 ) + [3a + a] 
3 (r 2 + £ 2 )(r 2 + £ 2 ) ' 1 ' 

where a = £\ — £\. A regular solution for £ 3 = is given by 

| 3m 2 ^ 3m 2 (l 2 -2l 2 ) 

+ 2(£ 2 - £ 2 )(£ 2 - 2£l) (r 2 + £ 2 ) + 2{£\ - £ 2 ) (r 2 + £ 2 2 ) 

3m 2 (£ 2 -2£ 2 ) ( 3r 2 + 2£ 2 + 2£ 2 



. arctan 



2(£ 2 -2£ 2 )^2(£ 2 -2£ 2 )(£ 2 -2£ 2 1 ) \ ^/2{£ 2 - 2£ 2 2 )(£ 2 - 2£ 2 ) 

For the case of all equal £,- t = £, we find that a regular H has the same form as 
fH) with m 2m/ V3. 

The last harmonic 2-form has vanishing flux, namely 



This 2-form is given by 



Ui 

u 2 



L m =0. (3.11) 



3r 4 + 2E,4 2 r 2 + E^ 2 
(r 2 + £ 2 ) 2 (r 2 + £ 2 ) 2 (r 2 + £ 2 ) 2 ' 
1 

(r 2 + £ 2 ) 2 (r 2 + £ 2 )(r 2 + £ 2 ) ' 
1 

(r 2 + £ 2 )(r 2 + £ 2 ) 2 (r 2 + £ 2 ) ' 
1 

(r 2 + £ 2 )(r 2 + £ 2 )(r 2 + ^ 2 ) 2 
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The resulting solution is only regular if all £i are non-vanishing. 

For the case of all equal 1^ = £, we find that a regular H is given by 

2 

Tfl 

H=1 + s^FW (3 ' 13) 

The previous solutions of this section have geometries which interpolate between a 
product space of E 3 ' 1 and a £/(l) bundle over S 2 x S 2 x S 2 at short distance to E 2,1 
and a conifold at large distance. Therefore, if there is a dual gauge theory, then it does 
not have a phase for which conformal symmetry is restored. On the other hand, the 
solution given in (j3.13|) is particularly interesting since, if we drop the 1, the metric 
interpolates from a product space of E 1 ' and a U(l) bundle over R 2 x S 2 x S 2 x S 2 at 
short distance to AdS^ x Q 1 ' 1 ' 1 /^ at large distance. As with the deformed M2-brane 
on a cone over Q ' ' , this solution exhibits a holographic renormalization group (RG) 
flow for which both conformal and Lorentz symmetries are broken in general but are 
restored in the UV limit of the dual D = 3 iV = 2 gauge theory. Since there is 
no charge associated with the 4- form term which arises from the 2-form ()3.12|) . this 
indicates that the dual gauge theory is perturbed by relevant operators [21]. 

Note that, for all three harmonic 2-forms, the four u^s satisfy the following linear 
relation: 

Uq — U\ — Ui — «3 = . (3-14) 

This is a necessary, but not sufficient, condition for supersymmetry. For example, 
the Kahler form satisfies the above relation without satisfying the supersymmetry 
equation (j2.3j) . 

3.2 On M 4 x M 4 

The 2-form L {2) , given by ()2.22|) . is not only harmonic on the Eguchi-Hanson metric 
(12.18)1 but on the eight-dimensional metric ()2.17j) as well. Likewise for the 2-form 
L( 2 ). Therefore, we can construct the following harmonic 2-form on ()2.17j) : 

^(2) = L( 2 ) + L(2) ■ (3.15) 

For appropriate integration constants, this yields a regular H given by ()2.25|) with 
m — > mj\pl. As with the deformed M2-brane, we can also find a regular wrapped 
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or rotating M2-brane on a product of two Taub-NUT instantons or a product of an 
Eguchi-Hanson and Taub-NUT instantons. 

4 General M2-brane 

A deformed, T 2 -wrapped, rotating M2-brane on a resolved conifold over Q 1,1 ' 1 /7j 2 
can be constructed which contains all of the elements of the previous two sections, by 
using both the harmonic 4-form and the harmonic 2-forms. An analogous M2-brane 
can also be constructed on M 4 x M 4 , where each M 4 is either an Eguchi-Hanson or 
Taub-NUT space. However, the latter case only gives us two harmonic two-forms at 
our disposal, which means we must decide between either a deformed, T 2 -wrapped 
(non-rotating) M2-brane or a deformed, ^-wrapped, rotating M2-brane. All of these 
general M2-branes are supersymmetric and regular. 

This is the only known cases of a deformed and wrapped/rotating p-brane solution 
which is supersymmetric and regular. For example, although both fractional D3- 
branes and wrapped D3-branes have been constructed, in order to be supersymmetric 
and regular, different transverse spaces are required. The fractional D3-brane requires 
a deformed conifold which supports a harmonic 3-form while the wrapped (or rotating) 
D3-brane requires a resolved conifold which supports harmonic 2-forms. However, 
a supersymmetric and regular T 2 -wrapped and S^-wrapped rotating D3-brane can 
be constructed from two independent harmonic 2-forms supported by the resolved 
conifold, which we will discuss. 

In the case of the D5-brane, four-dimensional transverse spaces such as the Eguchi- 
Hanson and Taub-NUT instantons only support a single harmonic 2-form for which 
the solution is supersymmetric and regular solution. Multi-instanton spaces are ex- 
pected to support multiple independent 2-forms which would presumably give rise 
to deformed, wrapped, rotating D5-branes which are supersymmetric and regular. 
These have yet to be constructed. Also, a Schwarzschild instanton does support two 
independent harmonic 2-forms but while the resulting D5-brane solutions are regular, 
they are not supersymmetric. 
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A deformed, T 2 -wrapped, rotating M2-brane is given by 
ds 2 n = H- 2/3 dx^d^r]^ + H 1/3 ds 2 8 , 

F (4) = d 3 x A dH' 1 + m 4 G (4) + m k dx % A dx? A L k {2) , (4.1) 

where dx 1 = c?x* + A l (1) and /c = 0,1,2. As an example, we will consider the 
transverse space to be the resolved conifold over Q 1,1,1 /7j 2 . G (a) is the harmonic 4- 
form found in section 2.1. dA l (1) = miL l {2) (i not summed), where L l {2) are the three 
harmonic 2-forms found in section 2.1. The equations of motion are satisfied, provided 
that ^ 

= ~ml G 2 4) m '( L U) 2 ■ ( 4 - 2 ) 

We consider the case of all equal £i = £. A regular H is given by 

m\ m\ /m\ 3mf 2m|\ /r 2 + £ 2 \ 

H = c o + iHr 2 + i 2 ) + 8i s {r 2 + £ 2 r + {^-^2-^r) arctan ^-j , (4.3) 

which is just a superposition of individual H for each harmonic forms. The roles of 
m , mi and m 2 are, of course, interchangeable. Likewise, a general M2-brane can be 
constructed on the product of Eguchi-Hanson or Taub-NUT instantons. For the case 
of two Eguchi-Hanson instantons, the resulting regular H has the same form as in 
(I2~23J) . 

5 Resolved pp-waves 
5.1 From M2-branes 

The general M2-brane given by (j4.1j) can be dimensionally reduced on x 2 to give a 
deformed, wrapped, rotating NS-NS string in type IIA theory, given by 

ds 2 l0 = H~ 3/i (-dxl + dx{) + H 1/4 ds 2 8 , 

F (4) = m 4 G (4) + m 2 dxo A dx\ A L 2 2) , 

F (3) = dx A dx\ A dH^ 1 + m dx\ A L° (2) + m x dx A L^ 2) , 

F (2) = m 2 L 2 , e 2tt, = H. (5.1) 
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Hopf T-duality on the x\ coordinate has the effect of untwisting this direction |45| . 
At the same time, the first two terms in the above 3-form flux are dualized to contri- 
butions to the metric. The result is a supersymmetric and regular type IIB pp-wave 
given by 

ds\ Q = —H^ 1 dx\ + H (dx + B w ^j + ds\ , 
F (5) = m 4 (dx + B (1) ) A (G w + * S G W ) , 
F RR = m 2 (dx + dx + B w ) A L 2 {2) , 

F ( J S = m 1 [dx + dx + B w ) A L\ 2) , (5.2) 

where (-f^ -1 — 1) dxo- If instead we had reduced the M2-brane over x± and Hopf 
T-dualized over X2, then we would have ended up with the S-dual of the pp-wave 
solution ||52), with F RR «-> F^ s . 

This general solution encompasses various limits in which one or more of the fields 
vanish, which are related to deformed, wrapped or rotating M2-branes. The connec- 
tion between deformed M2-branes and supersymmetric type IIB pp-waves has been 
discussed in |46 3 . As long as all of the fields L l {2) and G (4) do not vanish simultaneously, 
the solution ()5.2j) is completely regular. In particular, vanishing LL, Lf 2) and G (i) 
yields a Ricci-flat pp-wave, whose twisted time-like direction ensures a non-singular 
geometry. 

Finally, for vanishing L 2 {2) and G (4) , (j5.1j) is also a solution of type IIB theory, 
which can be S-dualized to a wrapped, rotating Dl-brane. This solution can then 
be Hopf T-dualized to a (smeared) rotating DO-brane. All of these solutions are 
supersymmetric and regular. 

Note that this is more fortunate than the situation for the deformed Dl-brane 
on the conifold, which has a singular geometry. This is because the transverse space 
does not have a non-collapsing 5-cycle at short distance, and therefore cannot admit 
an appropriate 5-form [HI |H] . 
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5.2 From D3-branes 

An S^-wrapped rotating D3-brane is given by [T3] 

ds 2 10 = H-^f^-idt + A^f + dxl + dxl + idxs + Al^+H^dsl, 
F (5) = (dt + A° m ) A dxi A dx 2 A (dx 3 + A^) A dH^ 1 (5.3) 
+m * 6 LjL A (<it + A° (1) ) + mi * 6 LL A (dx 3 + + dual terms , 

where dA l w = rrii L* 2) for % = 0, 1. L* 2) are two independent harmonic 2-forms on ds$, 
and * 6 is the Hodge dual with respect to ds^. The equations of motion are satisfied, 
provided that 

OH=- 1 -J2m*(L} 2) )\ (5.4) 

where □ is the Laplacian on ds\. A regular and supersymmetric solution exists for 
the case in which ds\ is the metric for the resolved conifold on T 1,1 /Z 2 . For the case 
in which the D3-brane is not rotating, the metric interpolates between a product of 
E 2,1 and a U(l) bundle over R 2 x S 2 x S 2 at short distance to AdS 5 x T 1 ' 1 /Z 2 at 
large distance. This provides a regular gravity dual to a certain four- dimensional 
gauge theory whose Lorentz and conformal symmetries are broken in the IR region 
and restored in the UV limit [T5j . 

Multiple T-dualities yields a type IIB pp-wave, which is given by 

ds 2 w = -H^idt + Al^ + H^dx+iH^-^idt + Al^y + dsl + dzl + dz 2 , 
F (5) = mi *6 £( 2 ) A dx + mi dz\ A dz 2 A LL + dual terms . (5.5) 

Notice that, for vanishing LL, the solution is Ricci-flat, for which the twisted time-like 
direction ensures that the geometry is regular. 

Alternatively, we could consider a T 2 -wrapped D3-brane, which dualizes to a type 
IIB pp-wave given by 

ds\ = —2dt dx + H dx 2 + ds\ + dz\ + dz\ , 
F (5) = mi *6 L, 2) A dx + mi dzi A dz 2 A L (2) + dual terms , 
F ( J R = m (rfx + dt) A L° 2) . (5.6) 

Dualizing the fibred directions in reverse order results in the S-dual of the above 
pp-wave solution, with an NS-NS 3-form. 
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On the other hand, if ds\ is a deformed conifold, then there is a regular and 
super symmetric fractional D3-brane supported by a self-dual harmonic 3- form L (3) . 
This solution can be dualized to a type IIB pp-wave given by 

dsl Q = —2dt dx + H dx 2 + ds$ + dzf + dz\ , 
F (5) = m dx A (dz\ + dz%) A L (3) + dual terms . (5.7) 

5.3 From D5-branes 

The S^-wrapped D5-brane is given by ^1] 

ds 2 10 = H- llA ^-dt 2 + dxl + --- + dxl + (dx b + A m ) 2 ^+H* /A dsl, 

= *4dH-mL w A(dx 5 + A w ), 4> = -~\ogH, (5.8) 

where dA (1) = mL (2) . L {2) is a harmonic 2-form on ds 2 and *4 is the Hodge dual with 
respect to ds\. The equations of motion are satisfied, provided that 

□#=-im 2 Lf a) , (5.9) 

where □ is the Laplacian on ds 2 . There exist regular and supersymmetric solutions for 
the case in which ds 2 is the metric for the Eguchi-Hanson or Taub-NUT instanton. In 
the case of the Eguchi-Hanson (Taub-NUT) instanton, the geometry of the D5-brane 
goes from a product of E 4,1 and a U(l) bundle over IR 2 x S 2 (IR 4 ) at short distance 
to a domain-wall at large distance. 

These solutions can be dualized to type IIB pp-waves, given by 

dsl = —2dt dx + H dx 2 + ds% + dz\ + dz 2 , 

F (5) = mdx A [dz\ A dz 2 + dz 3 A dz A ) A L (2) + dual terms . (5.10) 

We can also consider a rotating D5-brane, given by 

ds 2 10 = H~ 1/ *(-(dt + A w ) 2 + dx 2 1 + --- + dxl^+H 3/4 dsl } 

F ( J R = * 4 dH-mL (2) A(dt + A (1) ), = --log#, (5.11) 

where again we require the function H to satisfy ([5.9)1 . This solution can be dualized 
to a pp-wave, given by 

ds 2 10 = -H- 1 (dt+A w ) 2 +H (dx+(H- 1 -l)(dt+A w )) 2 +dsl+dz 2 l + - ■ -+dz 2 A . (5.12) 
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6 Conclusions 



We have constructed various supersymmetric and regular M2-brane solutions. For 
the transverse space, we have used eight-dimensional Ricci-flat Kahler spaces which 
have both non-collapsing 4-cycles and non-collapsing 2-cycles. Such spaces include a 
resolved cone over Q 1 ' 1 ' 1 and Q 1 ' 1 ' 1 /Z 2 , as well as a product of two Eguchi-Hanson 
or Taub-NUT instantons. The non-collapsing 4-cycle enables the construction of a 
square integrable, self-dual, harmonic four-form on the transverse space, which results 
in a deformed M2-brane. A non-collapsing 2-cycle means that the transverse space 
supports a square integrable, harmonic two-form, which takes the form of a fibration 
in an ^-wrapped or rotating M2-brane. Combining all of these elements into a single 
solution yields a deformed, T 2 -wrapped, rotating M2-brane. All of the worldvolume 
directions, including time, are fibred over the transverse space. 

Dualizing this M2-brane yields a supersymmetric and regular pp-wave in type IIB 
theory. Interestingly enough, in the limit in which all fluxes vanish, the geometry 
of the Ricci-flat pp-wave is still non-singular, due to the twisted time-like direction. 
Additional pp-waves of this class are obtained from wrapped and rotating D3-branes 
and D5-branes. 

The M2-brane solutions are dual to three-dimensional N = 2 gauge theories. The 
geometry of the deformed M2-brane on a resolved conifold over Q 1,1,1 smoothly goes 
from E 6 ' 1 x S 2 x S 2 at short distance to AdS 4 x Q 1 ' 1 ' 1 at large distance. Also, the 
S^-wrapped M2-brane on a resolved conifold over Q 1 > 1 ' 1 /Z 2 has a geometry that goes 
from a product space of E 1 ' 1 and a U(l) bundle over R 2 xS 2 xS 2 x S 2 at short distance 
to AdSi x Q 1 ' 1 ' 1 /Z 2 at large distance. These particular solutions exhibit holographic 
renormalization group flows for which both conformal and Lorentz symmetries are 
broken in general but are restored in the UV limit. There are also cases, such as 
the deformed M2-brane on a resolved cone over T l,1 /Z 2 arid a deformed or wrapped 
M2-brane on M4 x M4, for which the geometry approaches a domain- wall at large 
distance and conformal symmetry is not restored in the UV limit of the dual gauge 
theory. 

Unlike typical brane solutions which require an M-theoretic brane source term, 
resolved branes are complete purely within supergravity. However, not all BPS branes 
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can be resolved at the level of supergravity. One benefit of S^-wrapped p-branes is 
that they can still be non-singular even when a deformed or fractional p-brane on 
the same transverse space has a singularity For example, a fractional D-string on 
a resolved cone over Q 1 ' 1 ' 1 /^ does not have regular short- distance behavior. This 
is because the transverse space does not have a non-collapsing 5-cycle from which 
to construct a 5-form which is square integrable at short distance. It was suggested 
that either non-perturbative string effects were required to resolve the singularity jH] 
or else it is cloaked by a horizon at sufficiently high temperature 03]- On the other 
hand, we were able to dualize our S^-wrapped M2-brane to an 5 1 -wrapped Dl-brane 
in type IIB theory, which is non-singular. This is because the transverse space does 
have a non-collapsing 2-cycle, which yields an appropriate fibration. 

As an earlier example, we consider the resolution of the type II 5-brane. A reg- 
ular heterotic or type II 5-brane wrapped around the S 2 of a resolved conifold was 
constructed in j3?j. Alternatively, the heterotic 5-brane on an Eguchi-Hanson or 
Taub-NUT instanton can be resolved by making use of multiple matter Yang-Mills 
fields which are absent in the type II theories [O]. For this reason, the analogous res- 
olution of the type II 5-brane was unknown before the construction of the S^-wrapped 
5-brane J3], which makes use of a fibration over the transverse space. 

The list of known supersymmetric and regular S^-wrapped p-branes on spaces of 
special holonomy includes all < p < 5. However, since there are no irreducible 
nine and five-dimensional manifolds of special holonomy, the DO and D4-brane must 
have transverse product spaces. For example, we could use M n x S 1 , where M n is 
an irreducible n-dimensional manifold of special holonomy, and n = 8 for the D0- 
brane and n = 4 for the D4-brane jTT]. Likewise, a regular S 1 - wrapped D2-brane 
can be easily constructed on M 6 x S 1 . However, a regular ^-wrapped D2-brane 
on a G*2 holonomy space, if there is one with a non-vanishing 2-cycle, has yet to be 
constructed. 
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